In this paper a short theoretical background about elastic-plastic fracture mechanics is presented and the O'DowdShih theory is discussed. Using FEM, the values of the Q-stress determined for various elastic-plastic materials for two specimens in tension -SEN(T) specimen and CC(T) specimen are presented. The influence of geometry of the specimen, crack length and material properties (work-hardening exponent and yield stress) on the Q-parameter are tested. The numerical results were approximated by closed form formulas. The results are summarized in a catalogue of the Q-stress value, which may be used in engineering analysis for calculation of the real fracture toughness and the stress distribution near crack tip.
Theoretical background on elastic-plastic fracture mechanics
In 1968 Hutchinson [1] published fundamental work that characterized stress fields in front of a crack for non-linear Ramberg-Osgood (R-O) material in the form:
where r and θ are polar coordinates of the coordinate system located at the crack tip, σ are the components of * E-mail: mgraba@tu.kielce.pl the stress tensor, J is the J-integral, n is R-O exponent, α is R-O constant, σ 0 is yield stress, 0 is strain related to σ 0 through 0 =σ 0 /E. Functionsσ ( θ), I ( ) must be found by solving the fourth order non-linear homogenous differential equation independently for plane stress and plane strain [1] . These functions may be solved using algorithm and computer program presented by Gałkiewicz and Graba [2] . Equation (1) is commonly called the "HRR solution" (Fig. 1 ).
The HRR solution includes the first term of the infinite series only. Numerical analysis shows that results obtained using the HRR solution differ from the results obtained using the finite element method -FEM (Fig. 2) . To eliminate this difference, it is necessary to use additional terms in the HRR solution. Li and Wang [3] used two terms in the Airy function, obtained the second term of the asymptotic expansion for the two materials described by n=3 and n=10. Next, they compared their results with the HRR fields and FEM results. Their analysis showed that using the two term solution to describe the stress field near the crack tip, brings closer analytical results to FEM results. The two term solution much better describes the stress field near the crack tip; the value of the second term, which may not to be negligible, depends on the material properties and the geometry of the specimen. Yang et al. [4] , using the Airy function with the separate variables in the infinite series form, proposed that stress field near the crack tip may be described by the Eq. (2) in the infinite series form:
where k is the number of the series terms, Ak is the amplitude for the k series term,¯ is the normalized distance from the crack tip, sk is power exponent for the k series term, andσ ( ) is "stress" function.
When limited to only three terms, Eq. (2) may be written in the following form:
A 1¯ 2 − σ (3) (θ) (3) where theσ ( ) functions must be found by solving the fourth order non-linear homogenous differential equation independently for plane stress and plane strain [4] , s is the power exponent, which is identical to the one in the HRR solution (s may be calculated as s=-1/(n+1)), t is the power exponent for the second term of the asymptotic expansion, which must be found numerically by solving the fourth order non-linear homogenous differential equation independently for plane stress and plane strain [4] ,¯ is the normalized term of the asymptotic expansion, which must be found numerically by solving the fourth order nonlinear homogenous differential equation independently for plane stress and plane strain [4] ,¯ is the normalized distance from the crack tip calculated as¯ = (J/σ 0 ), A1 is the amplitude of the first term of the infinite series evaluated as A 1 = (αε 0 I ) −1 / ( +1) , and A2 is the amplitude of the second term, which is calculated by fitting the Eq. (3) to the numerical results of the stress fields close to crack tip. Based on Li and Wang [3] , O'Dowd et al. [5] [6] [7] proposed a simpler solution than that of Yang et al.. They assumed that the FEM results are exact and computed the difference between the numerical and HRR results. They proposed that the stress field near the crack tip may be described by following equation:
whereσ (θ; ) are functions evaluated numerically, q is the power exponent, which value changes in the range (0; 0,071), and Q is the parameter, which is the amplitude of the second term asymptotic solution. O'Dowd and Shih [5, 6] tested the Q-parameter in the range J/σ 0 <r<5J/σ 0 near the crack tip. They showed that the Q-parameter weakly depends on crack tip distance in the range of the ±π/2 angle. O'Dowd and Shih proposed only two terms to describe the stress field near the crack tip:
where (σ )HRR is the HRR solution.
To avoid the ambiguity during the calculation of the Qstress, O'Dowd and Shih [5, 6] have suggested where the Q-stress may be evaluated. It was assumed that the Qstress should be computed at r=2J/σ 0 for θ=0 direction. O'Dowd and Shih postulated that for θ = 0 the function σ θθ (θ = 0) is equal to 1. Therefore the Q-stress may be calculated from following relationship:
where (σ θθ)FEM is the stress value calculated using FEM and (σ θθ)HRR is stress value evaluated from HRR solution. During analysis, O'Dowd and Shih show that in the range of θ=±π/4, the following relationships take place: Qσ θθ ≈ Qσ ,σ θθ σ ≈ 1 and Qσ θ ≈ 0 (because Qσ θ << Qσ θθ ). Thus, the Q-stress value determines the level of the hydrostatic stress. For plane stress, the Q-parameter is equal to zero (Fig. 3a) , but for plane strain, the Q-parameter is in most cases smaller then zero ( Fig. 3b and Fig. 4 ). The Q-stress value for plane strain depends on external loading and distance from crack tipespecially for large external loads (Fig. 3b) , and also on the geometry of the specimen (Fig. 4) 2. Discussion on engineering aspects of the J-A2 and J-Q theory fracture criteria based on the O'Dowd's approach
The HRR solution can be extended with more terms, to overcome the deficiencies aforementioned, using, for example, the J-A2 theory suggested by Yang et al. [4] , or the O'Dowd and Shih approach -the J-Q theory [5] [6] [7] .
A lot of the analysis carried out in the 1990's showed that the multi-terms description, using the three terms of asymptotic solution [4] is better than O'Dowd's approach [5] [6] [7] . The A2 amplitude, which is used in J-A2 theory suggested by Yang et al. [4] , is nearly independent from the distance of its determination, in contrast to Q-stress, which depends on the position where it is calculated. But J-A2 theory can be very burdensome, since firstly one must solve fourth order nonlinear differential equation to determine theσ ( ) function and the t power exponent. Secondly, using FEM results, the A2 amplitude is calculated by fitting Eq. 3 to numerical results. In the O'Dowd approach, one needs only the Q-stress (which is calculated numerically). That is why the O'Dowd approach is more convenient to use than the J-A2 theory.
The J-Q theory found application in European Engineering Programs, like SINTAP [8] or FITNET [9] . The Qstress is applied to construct the fracture criterion and for the assessment of fracture toughness of the structural component. Thus O'Dowd's theory has practical application in engineering issues. Several fracture criteria based on the O'Dowd theory that have engineering aspects are presented below. Based on the J-Q theory, O'Dowd [10] proposed the following fracture criterion:
where JC is the real fracture toughness for structural element characterized by geometrical constraint defined by Q-stress (which value usually is smaller then zero), JIC is the fracture toughness for plane strain condition for Q=0 and σ is the critical stress according to the Ritchie-KnottRice hypothesis [11] . The fracture criterion proposed by O'Dowd was discussed by Neimitz et al. [12] , where the authors proposed another criterion form. They modified Eq. (7) by replacing the critical stress σ by maximum opening stress σ , which must be evaluated numerically using large strain formulation. Proposed by Neimitz et al., the fracture criterion has the following form:
For single edge notch in bending (SEN(B)), Neimitz et al. [12] , using finite element method and the large strain formulation, estimated the maximum opening stress σ for several materials (different R-O exponent, different yield stress) and for several crack lengths. Real fracture toughness K C , may be evaluated using the formula proposed by Ainsworth and O'Dowd [13] . fracture in both the brittle and ductile regimes may be represented by an expression of the form:
where Kmat is the fracture toughness for plane strain condition obtained using FITNET procedures, and β is the parameter calculated using following formula:
where L is the ratio of the actual external load P and the limit load P 0 (or the reference stress), which may be calculated using FITNET procedures [9] . The parameters α and k in Eq. (9) are material and temperature dependent constants (see Table 1 ). Sherry et al. [14, 15] proposed designation procedures to calculate the constants α and k. Using any fracture criterion (such as Eq. (7), Eq. (8), Eq. (9), or others presented in [16] ), one can estimate fracture toughness quite fast, if the Q-stress is known. Sometimes the application of J-Q theory may be limited, because there of lack of value of the Q-stress for a given material or specimen. Literature does not provide the Qstress catalogue and Q-stress value as a function of external load, material properties or the geometry of the specimen. Only in some articles one may find the J-Q graphs for a certain group of material. An ideal solution is the production of a catalogue of the J-Q graphs for materials characterized by various yield strength and different work-hardening exponent. Such catalogue should take into consideration the influence of the external load, the type of specimen (SEN(B) specimen -bending, CC(T) -tension or SEN(T) -tension) and the geometry of the specimen. For SEN(B) specimens, such catalogue is presented in [17, 18] , which presents Q-stress values for specimens with a predominance of bending for different materials and crack length. The numerical analysis presented in [17, 18] shows that the Q parameter depends on material properties, specimen geometry and external load. In these works authors presented the full catalogue of the numerical solutions (the Q-stress values, J-Q trajectories) for single edge notch in bending specimen (SEN(B)) for different materials (different yield stress and work-hardening exponents) and different crack lengths.
Material
In the literature there is no similar catalogue for specimens with predominance of tension. Therefore in the next sections of this paper, the values of the Q-stress will be determined for various elastic-plastic materials for center cracked plate in tension (CC(T)) and for single edge notch in tension specimen (SEN(T)). Both specimens -CC(T) and SEN(T), are the basic structural element used in the FITNET procedures [9] for modeling real structures. All results will be presented in the graphic form -Q = f(J) graphs. Finally, the numerical results will be approximated by closed form formulas.
Details of numerical models and numerical analysis
In the numerical analysis, the centre cracked plate in tension (CC(T)) ( Figure 5a ) and the single edge notch in tension specimen (SEN(T)) (Figure 5b ), were used. Dimensions of the specimens satisfy the standard requirement of finite element method (FEM) calculation, L ≥ 2W, where W is the width of the specimen and L is the measuring length of the specimen. Computations were performed for plane strain using small strain option. The relative crack length was a a/W = {0.05 ; 0.20 ; 0.50 ; 0.70} where a is the crack length and the width of specimens W was equal to 40 mm. (for this case, the measuring length L ≥ 80mm). All geometrical dimension of the CC(T) and SEN(T) specimens are presented in Table 2 .
The choice of the CC(T) and SEN(T) specimens was intentional, as both specimens are used in the FITNET procedures [9] for modeling real structural elements. Also in FITNET procedures, the limit load and stress intensity factors solutions for CC(T) and SEN(T) specimens are presented. However in the EPRI procedures [19] , the hybrid method for calculating the J-integral, crack opening displacement (COD) or crack tip opening displacement (CTOD) are given. Also experimental tests may be performed in order to determine the critical values of the Jintegral, using the CC(T) specimen, as is presented in [20] .
Computations were performed using ADINA SYSTEM 8.4 [21, 22] . Due to the symmetry, only a quarter of the specimen was modeled for CC(T) specimens and a half of the specimen was modeled for SEN(T) specimens. The finite element mesh was filled with 9-node plane strain elements. The size of the finite elements in the radial direction was decreasing towards the crack tip, while in the angular direction the size of each element was kept constant. The crack tip region was modeled using 36 semicircles. The first of which was 20 times smaller than the last one. This also means that the first finite element behind to crack tip is 2000 times smaller than the width of the specimen. The crack tip was modeled as quarter of the arc with a radius equal to rw = (1 / 2.5) · 10-6 m ((0.000025 / 0.0000625) × W ). The whole CC(T) specimen was modeled using about 450 finite elements and 1700 nodes. The whole SEN(T) specimen was modeled using 323 finite elements and 1353 nodes. External load was applied to the top and bottom edge of the specimen (Figure 6) . A sample of the finite element model for SEN(T) specimen used in the numerical analysis is presented in Figure 6 , where the crack tip model for CC(T) specimen is shown.
In the FEM simulation, the deformation theory of plasticity and the von Misses yield criterion were adopted. In the model the stress-strain curve was approximated by the relation:
where α = 1. The tensile properties for the materials which were used in the numerical analysis are presented in Table 3 . In the FEM analysis, calculations were performed for sixteen materials, with different yield stresses and work hardening exponents. The J-integral was calculated using two methods. The first method, called the "virtual shift method" [21, 22] , uses the concept of the virtual crack growth to compute the virtual energy change. One of the twelve integral contours for calculation of the J-integral using virtual shift method is presented in Figure 6c . The second method is based on the J-integral definition:
where w is the strain energy density, t is the stress vector acting on the contour C drawn around the crack tip, u denotes displacement vector and ds is the infinitesimal segment of contour C. Both methods gave the same J-integral value.
In the numerical analysis 64 CC(T) specimens and 64 SEN(T) specimens were modeled, which differed by crack length (different a/W ) and material properties (different ratio σ 0 /E and values of the power exponent n).
Numerical results -analysis of the J-Q trajectories for CC(T) and SEN(T) specimen
The analysis of the results obtained for CC(T) and SEN(T) specimens was made in the range J/σ 0 < r < 6 J/σ 0 near the crack tip, and it is shown that the Q-stress decreases if the distance from the crack tip increases (Figure 7) . If the external load increases, the Q-stress decreases and the difference between Q-stress calculated in the subsequent measurement points increases. For the sake of the fact that the Q-parameter, which is used in fracture criterion, is calculated at distance equal to r = 2.0 · J/σ 0 , it is necessary to note that:
• if the crack length decreases, then Q-stress reaches more negative value for the same J-integral level ( Figure 8 ); this conclusion is true for CC(T) and for SEN(T) specimens; One of the twelve integral contours for calculation of the J-integral using virtual shift method. Figure 7 . 'The J-Q family curves" for CC(T) and SEN(T) specimens calculated at six distances r for plane strain -a/W =0.50, n=10, σ 0 =1000 MPa.
• for short cracks in CC(T) specimens, it is observed that Q-parameter changes faster if the external load is increased ( Figure 8a );
• for CC(T) specimens characterized by short crack, the J-Q curves reach the saturation level faster, compared to CC(T) specimens characterized by normative (a/W = 0.50) and long (a/W = 0.70) cracks;
• for short cracks in SEN(T) specimens, the Q-stress value drops more rapidly than for long ones in the range of small external loads ( Figure 8b • for SEN(T) specimen with long cracks (a/W = 0.70), another nature of the J-Q trajectories was observed relative to specimen with relative cracks length a/W ≤ 0.50 ( Figure 8b) ; this may be a consequence of the absence of the stress field due to the bending stress near the crack tip in the analysis, discussed by Chao et al. [23] ;
• if the yield stress increases, the Q-parameter, for all CC(T) and SEN(T) specimens with different crack length a/W increases too ( Figure 9 ); a) b) Figure 9 . The influence of the yield stress on J-Q trajectories for CC(T) and SEN(T) specimens for a/W =0.50, n=10 (plane strain for distance from crack tip r=2.0·J/σ 0 ).
• for smaller yield stress for CC(T) and SEN(T) specimens, the J-Q trajectories run lower and it is observed that the Q-parameter changes faster if the external load increases ( Figure 9 );
• for smaller yield stress, the J-Q curves for CC(T) specimens reach the saturation level for bigger external loads than J-Q curves for CC(T) specimens characterized by large yield stress;
• for CC(T) specimen, if the yield stress decreases, the differences between the J-Q trajectories characterized for materials described by different workhardening exponents are larger;
• comparing the J-Q trajectories for different values of σ 0 /E, it is observed that the largest differences are characterized for materials with small work-hardening exponent (n = 3 -strongly workhardening materials) and the smallest differences are found for materials characterized by large work-hardening exponent (n = 20 -weakly workhardening materials). If the crack length increases, this differences somewhat increase too; this conclusion is the same for both types of the specimens used in the numerical analysis;
• for CC(T) specimens, the ambiguous behavior of the J-Q trajectories dependency on the work-hardening exponent is observed more than for SEN(B) specimen, which was presented in [17, 18] if the external load increases, then the Q-stress vale decreases if the work-hardening exponent decreases ( Figure 10a ); for materials characterized by yield stress σ 0 /E = 0.00243, the difference between the J-Q trajectories are small and the mutual intersecting and overlapping of the trajectories is observed ( Figure 11a );
• for SEN(T) specimens, also the ambiguous behavior of the J-Q trajectories dependency on the workhardening exponent is observed; for specimens with short cracks (a/W ≤ 0.20) and the same yield stress, for smaller values of the work-hardening exponent n (e.g. n 5), the Q-stress becomes less negative ( Figure 12a ); for specimens with the normative crack length (a/W = 0.50) or with the long cracks (a/W = 0.70), the interruption of the J-Q trajectories was observed (Figure 12b and Figure 13 ) -at first higher values of Q-stress were observed for specimens characterized by strongly hardening material, but for increasing external loads a reversal of the trend took place and higher Q-stresses were observed for specimens characterized by weakly hardening materials.
Approximation of the numerical results for CC(T) and SEN(T) specimens
In literature, the mathematic formulas for calculating the Q-stress taking into consideration the level of external load, material properties and the geometry of the specimen are not known for most cases. Presented in this paper are numerical computations provided with the J-Q catalogue and the universal formula (13), which allow the calculation of the Q-stress and take into consideration all the parameters influencing the value of the Q-stress. All results for CC(T) and SEN(T) specimens, are presented in the Q = f(log(J/(a·σ 0 ))) graphical forms (e.g. Figure 10b and Figure 14 ). All graphs have been approximated by simple mathematical formulas, taking the material properties, external load and specimen geometry into consideration. All the approximations were made for results obtained at the distance r = 2.0 · J/σ 0 .
Each of the obtained trajectories Q = f(log(J/(a·σ 0 ))) for CC(T) and for SEN(T) specimens, were approximated by the third order polynomial in the form: (13) where the A, B, C, D coefficients depend on the workhardening exponent n, yield stress σ 0 and crack length a/W. The squared residual of fitting the formula (13) to numerical results for CC(T) specimens for the worst case was equal R2 = 0.94 for crack length a/W = 0.05. For other crack lengths a/W = {0.20, 0.50, 0.70}, the squared residual satisfy the condition R2 ≥ 0.99. For SEN(T) specimens, the squared residual for the worst case was equal R2 = 0.95. For different work hardening exponents n, yield stresses σ 0 and ratios a/W, which were not included in the numerical analysis, the coefficients A, B, C and D may be evaluated using the linear or quadratic approximation.
Results of the numerical approximation using formula (13) for CC(T) specimens (all coefficients and regression residuals) are presented in Tables 4-7. Tables 8-11 
Conclusions
In this paper the values of the Q-stress were determined for various elastic-plastic materials for two types of the specimens under tensile loading -for centre cracked plate in tension (CC(T)) and for single edge notched specimens in tension (SEN(T) ). The influence of the crack length and the material properties, such the yield stress and the work-hardening exponent on the Q-parameter (often called by Q-stress) was tested. The results of each case were presented in graphical form using the J-Q trajectories. All the numerical results were approximated by closed form formulas. The coefficients of the approximations were presented in eight tables.
The most important conclusions of the analyzed numerical results are summarized as follows:
• the Q-stress depends on specimens geometry and the external load; different values of the Q-stress are obtained for center cracked plane in tension (CC(T)) and for the SEN(T) specimen, which are characterized by the same material properties;
• the Q-parameter is a function of the material properties; its value depends on the work-hardening exponent n and the yield stress σ 0 ;
• if the crack length decreases, then Q-stress reaches more negative value under the same applied load.
In this paper a catalogue of the Q-stress value and J-Q trajectories for specimens with predominance of tension (CC(T) and SEN(T) specimens) are presented. These are complementary of the numerical solutions presented in [17, 18] , which gave J-Q trajectories for specimens under predominantly bending load (SEN(B) specimens) ). Both papers may be quite useful for solving engineering problems where the fracture toughness or the stress distribution near a crack tip must be estimated readily. Table 4 . The coefficients of equation (13) Table 5 . The coefficients of equation (13) Table 6 . The coefficients of equation (13) Table 7 . The coefficients of equation (13) Table 8 . The coefficients of equation (13) Table 9 . The coefficients of equation (13) Table 10 . The coefficients of equation (13) Table 11 . The coefficients of equation (13) 
